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10. Objectives of the Project:  

 The Following objectives were set for present investigation: 

 Higher Dimension cosmology with Dark Energy 

 Higher Dimension Cosmology with Dark Matter 

 Dark Energy with Gravity  

11. Achievements of the Project: determining the cosmological field equation is still very 

much debated and led to a wide discussion around different theoretical proposals. A suitable 

conceptual scheme could be represented by gravity models that naturally generalize Einstein 

theory like higher order gravity theories and higher dimensional ones. Both  of these two 

different approaches allow one to define, at the effective level ,Einstein field equation s equipped 

with source –like energy –momentum tensor of geometrical origin. The possibility is discussed 

to develop a five dimensional fourth order gravity model whose lower –dimensional reduction 

could provide an interpretation of cosmological four-dimensional matter energy components. We 

describe the basic concept of the model, the complete field equation formalism and the 5-D to 4-

D reduction procedure. Five dimensional f(R) field equation turn out to be equivalent, on the 

four dimensional higher surface orthogonal to the extra co-ordinate, to an Einstein –like 

cosmological model with higher derivative and higher –dimensional counter –term .The effective 

four-dimensional picture and the behaviour of the geometrically introduced sourced are finally 

outlined in correspondence to simple cases of such higher dimensional solutions.  

12. Summary of the Findings: The recent discovery of dark energy has prompted an 

investigation of ways in which the accelerated expansion of the universe can be realized. In this 

dissertation, we present two separate projects related to dark energy. The first project analyzes a 

class of brane world models in which multiple branes float in a five-dimensional anti-de Sitter 

bulk, while the second investigates a class of dark energy models from an effective field theory  

perspective. Investigations of models including extra dimensions have led to modifications of 

gravity involving a number of interesting features. In particular, the Randall-Sundrum model is 

well-known for achieving an amelioration of the hierarchy problem. However, the basic model 

relies on Minkowski branes and is subject to solar system constraints in the absence of a radion 

stabilization mechanism. We present a method by which a four-dimensional low-energy 



description can be obtained for brane world scenarios, allowing for a number of generalizations 

to the original models. This method is applied to orbifolded and uncompactified N-brane models, 

deriving an effective four-dimensional action. The parameter space of this theory is constrained 

using observational evidence, and it is found that the generalizations do not weaken solar system 

constraints on the original model. Furthermore, we find that general N-brane systems are 

qualitatively similar to the two-brane case, and do not naturally lead to a viable dark energy 

model. We next   Investigate dark energy models using effective field theory techniques. We 

describe dark energy through a quintessence field, employing a derivative expansion. To the 

accuracy of the model, we find transformations to write the description in a form involving no 

higher-order derivatives in the equations of motion. 

 

13. Contribution to the Society: Physical cosmology is studied by scientists such as 

astronomers and physicists, as well as philosophers such as metaphysicians ,philosophers of 

physics and philosophers of space and time. Because of this shared space with philosophy 

,theories in physical cosmology may include both scientific and non-scientific propositions, and 

may depend upon assumptions that cannot be tested. Cosmology differs from astronomy in that 

the former is concerned with the universe as a whole while the latter deals with individual 

celestial objects. Modern physical cosmology is dominated by the Big-Bang theory, which 

attempts to bring together observational astronomy and particle  physics, more specifically ,a 

standard parameterization of the Big-bang with dark matter and dark energy.We investigate a 

cosmological model resulting from a dimensional reduction of the higher dimensional dRGT 

massive gravity. By using the Kaluza-Klein dimensional reduction, we obtain an effective four-

dimensional massive gravity theory with a scalar field. It is found that the resulting theory 

corresponds to a combined description of mass varying massive gravity and quasidilation 

massive gravity. By analyzing the cosmological solution, we found that it is possible to obtain 

the late-time expansion of the universe due to the graviton mass. By using a dynamical system 

approach, we found regions of model parameters for which the late-time expansion of the 

universe is a stable fixed point. Moreover, this also provides a mechanism to stabilize the extra 

dimensions. Cosmic evolution does have useful practical application from which application 

from which humanity could benefit. 



 

 

 

 

 

 



. Article .

SCIENCE CHINA
Physics, Mechanics & Astronomy

July 2017 Vol. 60 No. 7: 076111–076118
doi: 10.1007/s11433-017-9030-4

c© Science China Press and Springer-Verlag Berlin Heidelberg 2017 phys.scichina.com link.springer.com

Cosmological Model of the Universe with ΩM-Dependent
Cosmological Constant in Higher Dimensional Space Time

Preeti Shrivastava∗

Department of Mathematics, Shri Shankaracharya Mahavidyalaya,
Junwani, Bhilai, Chhattisgarh 490020, India;

Received February 12, 2017; accepted April 18, 2017

This paper deals with the evolution of the scale factor with time varyingc by assumingλ-tensor is proportional to the stress energy
tensorT = T i

i which has the dimension of energy density and is Lorentz invariant. We alsoderived analytical expression for the
look-back time, proper distance, luminosity distance and angular diameterin the framework of higher dimensional space time.

Kaluza Klein theory,Varying speed of light theory, cosmology, cosmological constant.

PACS number(s): 04.50.Cd; 98.80.-k; 98.80.Es; 98.80.Cq

In a cosmological setting, the variations inc have been shown to solve the cosmological puzzles– the horizon, flatness and
Lambda problems of big-bang cosmology. The variations of velocity of light can also solve the quasi-lambda problems. The
changingc does not affect the geometry of the universe. In classical electromagnetism the speed of light is only Lorentz
invariance and the conservation of energy. One can allow thechangingc to do the job normally done by superluminal expansion.
For changingc, the gravitational laws should be modified. The basic assumption is that a variablec does not induce corrections
to curvature in the cosmological frame and therefore, Einstein’s equations, relating curvature to stress energy, are still valid.
The reason behind this postulate is thatc changes in the local Lorentzian frames associated with cosmological expansion. The
effect is a special relativistic effect and not a gravitational effect. Therefore, curvature should not be related with the variations
of c. But Moffat[1] , Albrecht and Magueijo[2] , Barrow[3] , Avelino and Martins[4] have conjectured that if the speed of light falls
at certain rate then the horizon flatness and monopole problems of the standard can be solved without recourse to inflationary
paradism. The Machin varying speed of light (VSL) scenario in which c = c0ta introduced by Barrow[5] has significant
advantages to the phase transition scenario in which the speed of light changes suddenly fromc− to c+, preferred by Albrecht
and Magueijo[2] .
Kaluza-Klein achievements is shown that five-dimensional general relativity contains both Einstein’s four-dimensional theory
of F and Maxwell’s theory electromagnetism. A number of authors [Sahdev[6] , Emelyanov et al.[7] , Chatterjee and Bhui[8,9],
Wesson[10], Chatterjee et al.[11,12], Chakraborty and Roy[13] ] have studied physics of the Universe in higher-dimensional
space-time. Overduin and Wesson[14] have presented an excellent review of higher-dimensional unified theories, in which
the cosmological and astrophysical implications of extra-dimension have been discussed. Also Khadekar and Wanjari[15],
Khadekar and Shelote[16] studied behavior of strange quark matter in the context of Kaluza-Klein theory of gravitations.
As it is well known, the Einstein field equations with a non-zero λ can be rearranged so that their right-hand sides consist of
two terms: the stress-energy tensor of the ordinary matter and an additionalλ-tensor. A quick look at theλ-tensorT ν

i j shows
that it consists of two parts: theλ-part, having the dimension of the energy density, which is multiplied by the components of
the metric tensor forming its metric part:

T (ν)
i j =

(
c4λ

8πG

)
gi j = Λgi j, (1)

whereΛ satisfies the requirements: (i) it should have the dimensionof energy density, and (ii) it should be invariant under
Lorentz transformation. It is also identified with vacuum energy because this quantity satisfies the requirements askedof Λ.
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Instead of identifiedΛ with the vacuum energy Majernik[17] has identifiedΛ with stress energy scalarT = T i
i which has the

dimension of energy density and is Lorentz Invariant. Majernik [18] make the ansatz

ΛA =
c4λA

8πG
= κT i

i = κT, (2)

or

λA =
8πGκT

c4
, (3)

whereκ is a dimensionless constant to be determined.ΛA is a dynamical quantity, changing over time, representing,in the
quintessence theory, the quintessence component.
In this study we describe higher dimensional cosmological model with varyingc in which we consider Eq. (2) as a cosmological
constant. We investigate the evolution of the scale factor in which the cosmological constant is given by the scalar arisen by the
contraction of the stress energy tensor in the framework of Kaluza-Klein theory of gravitation with varying speed of light c.
The paper is organize as follows: section 2, deals with the Einstein’s field equations with energy momentum tensor for a perfect
fluid and determineΛA in terms ofΩM in the framework of Kaluza-Klein theory of gravitation withvarying speed of lightc.
In section 3, we investigate the evolution of the scale factor in the dependence onΩM in the matter dominated universe by
choosingp = 0 i.e. T = ρM c2. In section 4, we have analyzed the cosmological test pertaining to look back time, proper
distance, luminosity distance and angular diameter distance for Kaluza-Klein type cosmological model of the Universewith
varyingc. Concluding remarks are given in section 5.

1 Varying c cosmological model with a ΩM-dependent cosmological constant

We consider Kaluza-Klein type cosmological model with timedependentc of the form

ds2 = c2(t)dt2 − R2(t)×

[
dr2

1− Kr2
+ r2(dθ2 + sin2θdφ2) + (1− Kr2)dψ2

]
, (4)

whereR(t) is a scale factor.
The Einstein field equations can be written in the form

Ri j − gi j
1
2

R =
8πG
c4

(T (m)
i j + T (ν)

i j ), (5)

whereT (m)
i j is the energy-momentum tensor for the perfect fluid

T (m)
i j = (ρc2 + p)uiu j − pgi j, (6)

and

T (ν)
i j = gi jΛ, Λ =

λc4

8πG
. (7)

PuttingΛ = ΛA = κT we haveT (ν)
i j = gi jκT .

By using Eq. (7) and (6), in the field equations (5), we have

Ri j − gi j
1
2

R =

8πG
c4

[(ρc2 + p)uiu j − (p − κT )gi j]. (8)

The stress-energy tensor of the cosmic mediumT i
j has only five non-zero componentsT 0

0 = ρc2,T 1
1 = T 2

2 = T 3
3 = T 4

4 = −p .
Therefore,

T = ρc2
− 4p. (9)

By using Eq. (9) into Eq. (8) we get
T (m)

i j + T (ν)
i j =

(ρc2 + p)uiu j − [p(1+ 4κ) − κρc2]gi j. (10)



Preeti Shrivastava, Sci China-Phys Mech Astron July (2017) Vol. 60 No. 7 76113

This is the energy-momentum tensor for a perfect fluid with effective density ˆρ and pressure ˆp,

T (m)
i j + T (ν)

i j = (ρ̂c2 + p̂)uiu j − p̂gi j. (11)

The quantities ˆρ and p̂ can be determined by the equation of statep = ωρc2 in the form of

ρ̂ = ρ[1 + κ(1− 4ω)]

and
p̂ = ρc2[ω − κ(1− 4ω)]. (12)

Next we will find the evolution of scale factor in the radiation-dominated and matter-dominated eras.
By considering the line element (4) with the help of the Einstein’s field equations (5) and energy momentum tensor (6) and the
non-zero cosmological termλ acquire the following forms:

6
˙R(t)2

R(t)2
= 8πGρ + λc2 − 6

Kc2

R2(t)
, (13)

and
R̈(t) =

4πG
3

(
−ρ −

2p
c2

)
+

Ṙċ
c
+
λc2

6
R(t), (14)

After eliminatingρ by using Eqs. (13) and (14) with the help of equation of statep = ωρc2 we get

R̈
R
+ (1+ 2ω)


Ṙ2

R2
+

Kc2

R2



−
Ṙċ
c
−

(1+ ω)
3

λc2 = 0. (15)

Now we discuss the evolution of the scale factor in the matter-dominated epoch. We have determine the values of dimensionless
constantκ by assuming the Universe is flat i.e.(Ωtot = 1). SinceΩM =

ρM
ρcrit

< 1, we suppose that the remaining energy of
cosmological constant required to produce a geometrical flat Universe is given by the equation [Majernik (2003)]

ΩM + ΩΛ = ΩM + κ ΩM = 1.

This gives

κ =
1
ΩM
− 1. (16)

By using Eq. (16) into Eq. (2) we get

ΛA =

(
1
ΩM
− 1

)
T =

(
1
ΩM
− 1

)
(ρc2
− 4p). (17)

In the radiation-dominated era withω = 1
4 the cosmological evolution is described by the standard Kaluza-Klein model with

zero cosmological constant. However, in the matter-dominated era withω = 0 in Eq. (12) we get the following effective density
and pressure

ρ̂ = ρ + κρ, p̂ = −κρc2.

For the radiation-dominated era is described by standard Kaluza-Klein type cosmological model, we getT = 0, so we will not
further deal with it, instead we will investigated the evolution of the scale factor in dependence onΩM in the matter-dominated
Universe.
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2 Matter-dominated era

In this section we find the evolution of the scale factor in dependence onΩM in the matter dominated Universe i.e.p = 0.
By usingT = ρM c2 into the Eq. (2), we get

ΛA = κρM c2 =

(
1
ΩM
− 1

)
ρM c2 =

(ρcrit − ρM )c2 = ρcrit(1−ΩM)c2. (18)

We obtain the critical densityρcrit by means of Eqs. (18) and (13)

8πGρcrit =
6Ṙ2

R2
. (19)

From Eq. (19) with Eq. (17) we get the equation for the evolution of R(t) for the matter dominated era

R̈ = (1− 2ΩM)
(Ṙ(t))2

R(t)
+

Ṙċ
c
. (20)

To solve this equation substitute [Barrow[5] ] c = c0ta, (a > 0) in Eq. (20), we get

R̈ = (1− 2ΩM)
(Ṙ(t))2

R(t)
+

aṘ
t
. (21)

The solution can be found for an arbitrary time functionΩM(t).
For R = ey, we have

Ṙ = ẏey, R̈ = (ÿ + ẏ2)ey,

after putting this value in Eq. (21) we get

−2ΩM(ẏ)2 +
aẏ
t
= ÿ.

By insertingẏ = q, above equation becomes
[aqt(a−1) − q̇ta]

q2
= 2ΩMta

its solution can be written as

q =
ta

∫
2ΩMtadt +C1

.

Sinceẏ = q we have

y =
∫ 

ta

∫
(2ΩMta)dt +C1

 dt +C2.

By putting this value ofy(t) in the relationR = ey, we get

R(t) = exp
∫ 

ta

∫
(2ΩMta)dt +C1

 dt +C2, (22)

whereC1 andC2 are the integration constants.
We assume thatΩM does not change during the matter-dominated era.
After solving Eq. (22), we get

R(t) = (2ΩM)
1

(2ΩM )

[
C2t(a+1)

(a + 1)
+C1C2

] 1
(2ΩM )

. (23)

Next we have to specify theΩM and the boundary conditions for differential Eq. (22).
As the boundary condition we setR(t = 0) = 0. InsertingΩM =

1
4 into Eq. (23), the evolution scale factorR(t) take the form

R(t) = C2
0t2(a+1), (24)
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whereC0 =
C2

2(a+1).
The scale factor (24) implies a model of the Universe having following properties:
(i) The Hubble parameterH = Ṙ

R =
2(a+1)

t which implies that the age of this universet0 is approximately 4.1010 Yr. In the
cosmological model withΛA, the Universe is old enough for the evolution of globular clusters.
(ii) In our model, the decelerator parameterq0 has the valueq0 = −

(2a+1)
2(a+1), i.e. the Universe is accelerated in concord with the

recent observations.
(iii) The cosmological constant is time- dependentλA =

18(a+1)2

c2t2 .

2.1 Evolution of R(t) for the different density parameters

In this section we present the solutions of Eq. (21) for some selected constant values ofΩM and then derive the cosmological
parameters of the corresponding models of universe.
(A) ForΩM = 0, we obtain a typical inflationary solution of Eq. (21),

R(t) = e

[
C1

(
t(a+1)

(a+1) −C2

)]

= R0e[C0t(a+1)] , (25)

whereC0 =
C1

(a+1).
For early Universe, it is reasonable to assume that at the very beginning of the cosmic evolution, the radius of the Universe was
of the order of the Planck length, therefore we put in Eq. (25)the integration constantsR0 andC0 equal tolp and 1

lp
, respectively.

Then, we obtain for the initial radius and the velocity the values

R(0) = lp = 4.3× 10−35m,

˙R(0) =
lp

tp
= 3× 108ms−1,

respectively.
(B) ForΩM =

1
2, the evolution of R(t) is

R(t) = C0t(a+1) +C2,

whereC1 is a constant. WithC2 = 0, this gives

R(t) = C0t(a+1), H =
(a + 1)

t
, q0 = −

a
(a + 1)

.

In the following section we derived the analytical expression the look back time, proper distance, luminosity distanceand
angular distance for the value ofR ∝ t2(a+1).

3 Kinematics tests

The kinematical relation distances must be confronted withthe observations in order to put limits on the free parameters of the
model. The formulas forR(t) derived in Eqs. (24) i.e.R ∝ t2(a+1) may be used to extend phenomenological analysis to arbitrary
large redshifts.

3.1 Look-Back Time

The look-back time,∆t = t0 − t(z), is the difference between the age of the Universe at present time (z=0) and the age of the
Universe when a particular light ray at redshiftz was emitted. The radiation travel time for a photon emitted by a source at
instantt and received att0 is,

∆t = t − t0 =
∫ R0

R

dR

Ṙ
, (26)

whereR0 is the present scale factor of the Universe. For a given redshift z, the cosmic scale factor of the UniverseR(tz) is
related toR0 by 1+ z = R0

R , whereR = R0 at the present epoch. An object atz = 1 emitted its light when the Universe was half
its present scale (R = 0.5R0). How long ago the light was emitted (look back time∆t = t0 − t(z)) depends on the dynamics of
the Universe. Therefore from Eq. (24), we get

1+ z =
( t0

t

)2(a+1)
. (27)
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The above equation gives,

t = t0(1+ z)−
1

2(a+1) . (28)

This equation can also be expressed as

H0(t0 − t) = 2(a + 1)[1− (1+ z)−
1

2(a+1) ]. (29)

For smallz, Eq. (29) gives

H0(t0 − t) = z −
(2a + 3)
4(a + 1)

z2 + · · ·. (30)

By using Eq. (24) the deceleration parameter can be written as

q = −
RR̈

Ṙ2
= −

(2a + 1)
4(a + 1)

. (31)

Using Eq. (31) in Eq. (30), we get

H0(t0 − t) = z −
(q + 2)

2
z2 + · · ·. (32)

Taking the limitz→ ∞ in Eq. (29) the present age of the Universe is

t0 = 2(a + 1)H−1
0 = −

(2a + 1)
q

H−1
0 . (33)

3.2 Neoclassical Tests (proper distance)

A photon emitted by a source with coordinater = r1 andt = t1 and received at a timet0 by an observer located atr = 0 will
follow a null geodesic with (θ, φ) = constant.
The proper distanced(z) between the source and the observer is given by

d(z) = R0

∫ R0

R

dR

RṘ
. (34)

The radial coordinate distance as function of redshift is given by

r1(z) =
∫ t0

t1

dt
R
=

−
2(a + 1)
(2a + 1)

H−1
0 R−1

0

[
1− (1+ z)

(2a+1)
2(a+1)

]
. (35)

Hence, proper distance as a function of redshift is given by,

d(z) = r1R0 =

−
2(a + 1)
(2a + 1)

H−1
0

[
1− (1+ z)

(2a+1)
2(a+1)

]
. (36)

For smallz Eq. (36) becomes,

H0d(z) = z −
1

4(a + 1)
z2 + · · ·. (37)

By using Eq. (31) in above equation, we get

H0d(z) = z −
(q + 1)

2
z2 + · · · · . (38)

From Eq. (36), it is observe that the distanced(z) is maximum atz→ ∞. Hence

d(z = ∞) = −
2(a + 1)
(2a + 1)

H−1
0 . (39)
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3.3 Luminosity Distance

The luminosity distance of a light source is defined as the ratio of the detected energy fluxL, and the apparent luminosityl, i.e.
d2

L =
L

4πl .
For the Kaluza-Klein metric (4), it takes the form

dL = R0 r1(z)(1+ z) = dz(1+ z), (40)

wherer1(z) is the radial coordinate distance of the object at light emission.
By using Eq. (35), one gets,

H0dL =

−
2(a + 1)
(2a + 1)

(1+ z)
[
1− (1+ z)

(2a+1)
2(a+1)

]
. (41)

For smallz, after some algebra and by using Eq. (31), Eq. (41) gives

H0dL = z −
(q − 1)

2
z2 + · · ·. (42)

We also note that for the same redshift the luminosity distance is larger for lower values ofq. Thus, forq = 1, we have

dL =
z

H0
, (43)

and forq = 0, we get

dL =
1

H0

(
z +

1
2

z2

)
. (44)

3.4 Angular Diameter Distance

The angular diameter distancedA is defined as the ratio of an object’s physical transverse size to its angular size. The angular
diameterdA of a light source of proper distanced(z) is given by

dA = d(z)(1+ z)−1 = dL(1+ z)−2. (45)

By using Eq. (41), one gets

H0dA =
2(a + 1)
(2a + 1)


(1+ z)

(2a+1)
2(a+1) − 1

(1+ z)

 . (46)

UsuallydA has a minimum (or maximum) for somez = zc. The angular diameter distance effect means the light is spread over
a large angular area.

4 Conclusion

In this paper we have consider a minimalist varying-c theory proposed by Albrecht and Magueijo (1999) as a new way of solving
higher-dimensional problems. The idea of varying speed of light seriously as a physical effect that might have happened in the
very early Universe and today confined to a very narrow range admissible by inaccuracy of existing bounds on variability of c.
We have discussed the evolution of the scale factor for cosmological model withΩM-dependent cosmological constant, which
is given by the scalar arising from the contraction of stressenergy tensor in the framework of higher-dimensional VSL theory.
By considering the flat universe with varyingc determined the values ofΛA in termsΩM in Eq. (18). No coincidence problem
exists in our model of the Universe becauseΛA is functionally connected withΩM in such a way that this ratio in the matter
dominated epoch does not vary over time. It is also observed from Eq. (9),T = 0 that for the radiation dominated epochω = 1

4.
In section 3 we have consider the flat and matter dominated Universe and obtained evolution of the equation (21) forc = ta.
This equation describe the time dependence of the scale factor as a function ofΩM(t). In the same section, for different value of
ΩM(t) we have obtained different cosmological model, i.e. the scale factor evolves in different ways and shown that the density
parameterΩM as the ratio ofρM andρcrit may be finite although both quantities are infinite. This Universe is strictly flat, is
accelerating, is old enough and is causally connected.
In the last section, for the value ofR in Eq. (24) we have discussed the well known astrological phemenon namely look back
time, proper distance, luminosity distance and angular diameter distance in the framework of Kaluza-Klein theory of gravitation.
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